Reinforcing polymers with nanofillers is an advanced approach to improve and manage the thermal behaviors of polymeric nanocomposite materials. Among the proposed nanofillers, graphene and carbon nanotube (CNT) with superior thermal conductivity are two advanced nanofillers, which have extensively been utilized to enhance the heat transfer responses of host polymeric materials. In this work, the impacts of randomly oriented graphene and CNT to steady state and transient heat transfer behaviors of functionally graded (FG) nanocomposite cylinders have been investigated using an axisymmetric model. Nanocomposite cylinders have been assumed to be under heat fluxes, heat convections or temperatures as different types of thermal boundary conditions. The thermal properties of the resulted nanocomposite materials are estimated by micromechanical model. Moreover, the governing thermal equations of axisymmetric cylinders have been analyzed using a highly consistent and reliable developed mesh-free method. This numerical method predicts temperature fields via MLS shape functions and imposes essential boundary conditions with transformation approach. The effects of nanofiller content and distribution as well as thermal boundary conditions on the heat transfer responses of nanocomposite cylinders are studied. The results indicated that the use of nanofiller resulted in shorter stationary times and higher temperature gradients in FG nanocomposite cylinders. Moreover, the use of graphene in nanocomposites had stronger impact on thermal response than CNT.
Introduction
In recent decades, the use of nanocomposite structures has been growing rapidly and has attracted much attention from scientific research communities [1, 2] . Among the utilized nanofillers, CNT and graphene have become very popular due to their unique thermo-mechanical properties. Specifically, values of up to 3000 W/m·K [3, 4] and 5300 W/m·K [5] for the thermal conductivities of CNT and graphene have been reported, respectively. Because of such extraordinary thermal behavior, these two nanofiller are excellent candidates to improve thermal conductivity of polymeric nanocomposite materials. On the other hand, it is well established that the FG dispersion of nanofiller in nanocomposite materials results in more manageable thermal-mechanical responses of nanocomposite structures [6] [7] [8] [9] [10] .
Since thermal analysis is very critical in engineering structures, many researchers have investigated the thermal conductivity of nanocomposite materials. These materials and structures generate one of the hot topics of research in several emerging technologies and, therefore, they are being extensively investigated by researchers because of considerably improved their thermo-mechanical behaviors [11, 12] . Several parameters including nanofiller size, volume fraction, aspect ratio, thermal conductivity and intersection thermal resistance as well as temperature and nanofiller-matrix interface stickiness have influence on the effective thermal conductivity of nanocomposites. Highly conductive fillers, like metallic or carbonbased materials, can be added into nanocomposite cylinders to improve their thermal conductivity [13, 14] . Dispersion/ aggregation state and filler shape are the critical factors influencing the thermal conductivity of nanofluids and solid composites. Regarding nanofillers, the resistance of thermal interfacial is another critical factor affecting thermal transport. Researchers believe that the main factor limiting the thermal performance of suspensions and CNT composites is interfacial thermal resistance [15] [16] [17] . Gu et al. [18] performed some tests and proved that the use of 21.4% graphene platelets in a type of polyethylene (PE) called ultra-high molecular weight polyethylene (UHMWPE) increased the thermal conductivity of host material by up to around nine times the original UHMWPE matrix. Zabihi et al. [19] studied the effects of different types of defects on the effective thermal conductivity of nanocomposite materials reinforced with defected CNT, graphene and hybrid CNT/graphene fillers. Moheimani et al. [20] also conducted extensive research on the development of a closed-form unit cell micromechanical model for determining the effective thermal conductivities of unidirectional CNTs reinforced polymer nanocomposites.
Nanocomposite materials reinforced with CNT or graphene have been extensively utilized in different shell and plate structures in order to analyze their structural thermo-mechanical responses by many researchers in recent years. Qin et al. [21] proposed unified solution for laminated FG shallow shells reinforced by graphene with general boundary conditions; upon which free vibration of FG cylindrical shells and plates reinforced by CNTs and graphene with both classic and non-classic boundary conditions were investigated [22, 23] . Shokri-Oojghaz [24] stud-ied the effect of reinforcing with aggregated CNT on the stress distributions of nanocomposite sandwich cylinders based on finite element method. Temperature effect on the static and dynamic responses of nanocomposite cylinders reinforced with wavy CNT were studied by Moradi-Dastjerdi et al. [25] [26] [27] . Safaei et al. [28] analyzed the free vibration of nanocomposite plates with CNTs embedded in amorphous polyethylene. They used the rules of mixture according to different plate model theories to find the fundamental frequencies of nanocomposite plates. The macro-mechanical characteristics of nanocomposites are influenced by CNT and graphene volume fraction and microstructure. Safaei et al. [29, 30] examined the thermal and mechanical behaviors of lightweight polymeric nanocomposite porous sandwich plates resting on twoparameter elastic foundation. Damadam et al. [31] found that the increase of non-dimensional temperature led to ratcheting in plastic strain in subsequent cycles. Furthermore, they introduced Bree's Diagram to more effectively plot the material behavior of thick-walled cylinders under different loading conditions and were able to identify safe loading boundary for different temperatures and pressures. Jalali et al. [32] studied mechanical analysis of micro FG beams considering thermal conditions using a numerical method to see the effect of temperature change in natural frequencies of FG micro beams. The effects of thermal conductivity, temperature change, heat wave speed, heat flux, CNTs volume fraction and end support conditions on the nonlinear vibration of beam were discussed in detail by Pourasghar and Chen [33] . They also combined the applications of differential quadrature and Newton Raphson methods and used the developed method to solve the non-Fourier heat conduction equations to obtain temperature, displacement and stress in CNT reinforced, nanocomposite cylindrical panels [34] . Safaei et al. [35] investigated transient heat transfer and stress wave propagation in polymeric sandwich plates with two nanocomposite face sheets were made of clusters of CNTs embedded in a polymeric matrix. Zargar et al. [36] investigated thermal response of porous circular fins using numerical/analytical methods to see the effect of different geometry and nondimensional parameters in this problem. Moradi-Dastjerdi and Behdinan [37] studied the effect of graphene on the static and free vibration responses of nanocomposite cylinders subjected to thermal gradient load. Moreover, steady state and transient heat transfer responses of CNT-reinforced cylinders were performed in [38] .
As mentioned in the above literature review, the effect of graphene or CNT on the thermal conductivity of polymeric nanocomposite materials has widely been investi- gated in literature. However, the impacts of these outstanding nanofillers on the heat transfer responses of axisymmetric cylinders have not fully been considered yet. Therefore, in this work, we have tried to address this shortcoming by the investigation and comparison of the heat transfer responses of FG axisymmetric cylinders reinforced with randomly oriented graphene or CNT. To do so, nanocomposite cylinders subjected to different thermal boundary conditions were considered. It should be noted that the thermal conductivities of nanocomposite materials were estimated through an accurate micromechanical model. Moreover, governing thermal equation was derived using a developed mesh-free method which included MLS shape function and transformation approach. Using the developed methods, the effects of nanofiller content and distribution as well as thermal boundary conditions on the heat transfer responses of FG nanocomposite cylinders were presented.
Modeling of nanocomposite cylinders
As mentioned earlier, randomly orientated graphene and CNT were selected as nanoscale reinforcements of nanocomposite cylinders with length L, inner radius r i , and outer radius ro, as illustrated in Figure 1 . The boundaries of nanocomposite cylinders were assumed to be subjected to a constant temperature T, heat flux Q or thermal convection with ambient temperature Ta and convective heat transfer coefficient h. All the thermal boundary conditions are also assumed to be uniform on their surfaces.
It should be noted that boundary conditions and structure are axisymmetric, therefore, three-dimensional analysis of such structures can be reduced to a two-dimensional analysis without losing the accuracy of in results.
Dispersion of nanofillers
With the aim of optimizing the amount of utilized nanofillers to provide the best design, the concept of FGMs was employed in this work. Therefore, four linear FG profiles were selected for the dispersions of nanofillers along the radial direction of cylinders. In addition, a nanocomposite cylinder with uniform dispersion (UD) profile was considered to compare its steady state and transient thermal responses with FG nanocomposite cylinders. According to the dispersions of nanofillers, the four FG types of dispersion were labeled as V, ∧, X and O. The schematic FG distributions of nanofillers are shown in Figure 2 . The variations of the volume fraction of nanofillers fr(r) was also described as the following equations [37] :
where rm is the mid radius of cylinder. Moreover, the difference between the maximum f max r and minimum f min r values of nanofiller volume fractions is shown with ∆fr. 
Thermal properties
The thermal conductivity of polymeric nanocomposite materials reinforced with graphene or CNT can be estimated by employing a micromechanical model developed in [39] and modified in [19, 40] . This method was based on the volume fractions fr, thermal conductivity k r and aspect ratio p of nanofillers. According to this method, the thermal conductivities of nanocomposite materials reinforced with graphene or CNT was estimated as follow [19, 40] :
For graphene :
where k m is the thermal conductivity of polymeric matrix and l and R k are nanofiller length and thermal resistance between the interfaces of nanofiller-nanofiller and nanofiller-polymeric, respectively. It should be noted that the estimation of k through this approach was already verified by experimental results of graphene [18] and CNTreinforced [41] polymers. Furthermore, the mass density ρ and specific heat conduction cp of the resulted nanocomposite materials were roughly calculated as follow: cp = fr c r p + fm c m p , ρ = fr ρ r + fm ρ m (6) where the superscripts of r and m indicate nanofiller and matrix, respectively, and matrix volume fraction is shown by fm = 1 − fr.
Meshless formulations
The governing equation for transient heat conduction in an FG axisymmetric cylinder was stated as [38, 42] :
where t is time and T(r, z) is temperature at point X = X i (r, z). The initial and boundary conditions were also defined as:
where Γ shows boundaries including inner, outer, upper and lower surfaces of axisymmetric cylinders.
To analyze the thermal conduction of the considered nanocomposite cylinders, the weak form of Eq. (7) was treated through the standard form of Galerkin method. Developing a mesh-free method based on moving least square (MLS) shape functions Φ, the vector of generalized values of temperature fieldT were estimated as [43] :
where
where n is node number located inside the support domain of the defined shape function. Moreover, MLS shape function at X = X i (r, z) was described as [43] :
where P, w and M are base vector, cubic Spline weight function and moment matrix, respectively. In axisymmetric condition, P and M were determined as:
The submission of approximated temperature field Eq. (9) in the weak form of governing thermal equation Eq. (7) was resulted in following discrete mesh-free form [38] :
where M T = 0 and S = Q for boundaries subjected to thermal flux, and M T = h and S = hTa for boundaries under convection environment. By applying such boundary conditions, Eq. (13) was rearranged as:
where 
Before the solution of Eq. (14), essential boundary conditions had to be applied to this equation. However, such condition could not directly be imposed because Eq. (14) was based on the generalized values of temperature field. This extra process was due to the shortcoming of MLS shape functions in the satisfaction of Kronecker delta property. To overcome this problem, a transformation matrix R was employed to modifyT as follows [38] :
where T is the vector of calculated nodal values of temperature field. The transformation matrix was defined as:
The substitution of Eq. (17) in Eq. (14) gave:
where,Ĉ = R −T · C · R −1 ,q = T −T · q (20)
The essential boundary conditions be applied in Eq. (19) as easy as FEM.
Results and discussions
Steady state and transient heat transfer responses of the considered FG nanocomposite cylinders are presented in this section. Nanocomposite materials were made of a mixture of graphene or CNT as reinforcement part embedded in polyethylene as polymeric matrix. The properties of the materials employed in the simulations were [18, 19, 41] :
PE : k m = 0.5 W /m·K, c m p = 1466 j/Kg·K, ρ m = 1150 Kg/m 3 Graphene : k r = 3000 W /m·K, c r p = 700 j/Kg·K, ρ r = 4118 Kg/m 3 , l = 40 µm, p = 250, R k = 3.5 × 10 −9 CNT : k r = 3000 W /m·K, c r p = 700 j/Kg·K, ρ r = 1400 Kg/m 3 , l = 0.445 µm, p = 148, According to Eq. (2), Figure 3 shows the variations of the thermal conductivities of CNT and graphenereinforced nanocomposite materials as a function of Figure 3 : Thermal conductivities of graphene/PE and CNT/PE versus the volume fraction of nanofillers nanofiller volume fraction. This figure shows that by the increase of nanofiller content, the thermal conductivities of both nanocomposites are significantly improved. The comparison between CNT and graphene shows that, graphene/PE nanocomposite enjoys higher thermal conductivity than CNT/PE nanocomposite because of graphene shape and PE-graphene thermal resistance R k .
Validation study
Here, we examine the accuracy of the proposed solution framework for steady state and transient heat transfer responses of axisymmetric cylinders. First, the steady state responses of an isotropic axisymmetric long cylinder with inner temperature T i = 300 K and outer temperature To = 350 K has been investigated. Hetnarski and Eslami [42] presented the exact solution of such cylinders as the following equation: Figure 4 compares the temperature profiles along cylinder thickness obtained from our solution with exact results. An excellent agreement between the results can be observed in this figure which shows the accuracy of the proposed solution method.
In addition to steady state response, the accuracy of the proposed method has been examined for transient response of graphene and CNT reinforced nanocomposite cylinders. In this case, we tracked the transient solutions of temperature profiles until their steady state conditions were achieved and compared the final profile of each Figure 4 : Comparison between temperature profiles along cylinder thickness obtained from the present method and exact solution [42] cylinder with their corresponding temperature profiles obtained from steady state solution. Hence, we considered cylinders at initial temperature T 0 = 300 K subjected to inner heat flux Q i = 8 kW/m 2 and outer heat convection environment with ho = 200 W/m 2 K and Ta−o = 250 K when upper and lower faces of cylinders are thermally insulated i.e. Qu = 0 and Q d = 0. In these cylinders, the volume fractions of nanofillers are varied from f min r = 0 to f max r = 0.3 trough the thickness according to X profile when the dimensions are L = 0.04 m, ro = 0.1 m and r i = 0.08 m. Figure 5 shows that the transient responses of both cylinders are gradually converged to steady state temperature profiles. After 2500 seconds, perfect consistency between transient response and steady state solutions are observed for both cylinders. 
Heat transfer response
Once the developed mesh-free method was validated, the transient heat transfer of FG nanocomposite cylinders reinforced with graphene or CNT were investigated under a variety of boundary conditions. The effects of nanofiller distribution on temperature profile and the time required to reach steady state condition have been studied. Therefore, nanocomposite cylinders with L = 0.04 m, r i = 0.08 m, ro = 0. Figure 6a shows temperature time histories of FG and UD-CNT reinforced nanocomposite cylinders at their mid points. Figure 6b also shows temperature distributions of cylinders at their steady state conditions at z = L/2. For FG and UD-graphene reinforced cylinders under the same conditions, Figures 7a and 7b also illustrate temperature time histories and steady state temperature profiles, respectively. These figures disclose that nanofiller distribution not only affects stationary times but also governs the obtained temperature profiles such that X cylinder has the shortest stationary time and O cylinder has the longest one. Furthermore, it shows that temperature at locations with higher concentration of nanofiller are closer to that of the nearest boundary. Comparison between the effects of graphene and CNT on thermal responses shows that graphene reinforced cylinders have lower temperature variation than those reinforced with CNT because they have higher thermal conductivity as shown in Figure 3 . It should be mentioned that cylinders with higher thermal conductivity have a better thermal flow which results in cylinders with lower temperature variation. Moreover, Figure 8 illustrates the two-dimensional temperature profiles of the considered graphene reinforced cylinders. The significant effect of graphene dispersion on temperature profile are clearly visible in this figure such that the highest temperature is observed in V-type cylinder and it has a smallest high spread at its outer lower part, while ∧-type cylinder has the biggest high temperature spread at its inner upper part.
In order to investigate the effect of nanofiller volume fraction on thermal responses, X-CNT/PE and Xgraphene/PE nanocomposite cylinders with the same dimensions, T 0 = 300 K, f min r = 0 and different f max r were considered. The thermal boundary conditions of cylinders were assumed to be T i = 300 K, To = 350 K and upper and lower faces were thermally insulated. Figures 9  and 10 show the thermal responses of CNT and graphene reinforced cylinders, respectively, in terms of temperature time histories and steady state temperature profiles. The results disclose that the increase of nanofiller contents significantly reduces the stationary time of temperature profiles. It also has a remarkable impact on steady state temperature profiles such that the use of more nanofiller increases the temperature gradient of cylinders. Moreover, it was observed that the use of graphene has stronger effects on stationary time than the use of CNT such that graphene/PE, with higher thermal conductivity than CNT/PE (see Figure 3), has shorter approaching time to steady state condition.
Here, the effects of different thermal boundary conditions on the steady state temperature profiles of graphene/PE with the same dimensions, f min r = 0 and were investigated. Figure 11 shows two-dimensional tem- perature profiles of such cylinders subjected to Q i = 5 kW/m 2 , Qo = −Q i (r i /ro) and Tu = T d = 300 K. Due to symmetric thermal conditions, a symmetric temperature profile was observed for UD and X cylinders although temperature gradient in X cylinder was much higher than UD cylinder. However, V cylinder experiences an asymmetric temperature profile such that the inner half thickness of cylinder has wide temperature gradient and temperature at inner radius goes above 344 K.
Considering an outer thermal convection environment for previous cylinders, Figure 12 illustrates temperature profiles when ho = 150 W/(m 2 K) and Ta−o = 250 K. The obtained temperature profiles show that the effects of such heat convection environment are higher than employed internal heat flux because coldness (T<300 K) spread is more visible in all figures. Figure 13 also shows temperature profiles for such cylinders when thermal boundary conditions are T i = 330 K, To = 300 K, Qu = 5 kW/m 2 and Q d = −5 kW/m 2 . Although temperature profiles of UD and X cylinders are almost the same, temperature variation in X cylinder is higher than the other one due to its sharper variation in nanofiller dispersion. In V cylinder, coldness spread is dominant because of the allocation of nanofillers in the outer half thickness of cylinder.
Conclusions
In this paper, the impacts of graphene and CNT to steady state and transient heat transfer behaviors of FG nanocomposite axisymmetric cylinders were investigated using a mesh-free method under different types of thermal boundary conditions. By employing a micromechanical model, the thermal properties of nanocomposite materials were calculated. The effects of nanofiller content and distribution as well as thermal boundary conditions on the heat transfer behaviors of nanocomposite cylinders were studied which resulted in the following main conclusions:
• The use of nanofiller and the increase of its amount result in shorter stationary times such that the increase f max r of from 0.1 to 0.3 leads to the reduction of stationary time from 400 s to 100 s. • The allocation of nanofiller close to the boundaries leads to approaching the temperatures of the nearest boundary. • The FG allocation of nanofiller intensifies temperature gradient and thermal management of FG nanocomposite cylinders. In one case shown in Figure 6 , it was observed that T i in V-CNT/PE cylinder was around 356 K while in UD and ∧-CNT/PE cylinder T i =344 K. • The use of graphene in nanocomposite has stronger impact on thermal response than the use of CNT.
Comparing Figure 6b and 7b shows that the use of graphene leads to better conduction such that T i in graphene/PE cylinders is 10 K less than CNT/PE cylinders.
